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We present a new supersymmetric, asymptotically flat, black hole solution to five-dimensional
U(1)3-supergravity which is regular on and outside an event horizon of lens space topology L(2, 1).
The solution has seven independent parameters and uplifts to a family of 1/8-supersymmetric D1-
D5-P black brane solutions to Type IIB supergravity. The decoupling limit is asymptotically AdS3×
S3 × T 4, with a near-horizon geometry that is a twisted product of the near-horizon geometry of
the extremal BTZ black hole and L(2, 1) × T 4, although it is not (locally) a product space in the
bulk. We show that the decoupling limit of a special case of the black lens is related to that of
a black ring by spectral flow, thereby supplying an account of its entropy. Analogous solutions of
U(1)N -supergravity are also presented.
I. INTRODUCTION
A significant achievement of string theory has been
to provide a microscopic accounting of the Bekenstein-
Hawking entropy of supersymmetric black holes [1]. The
black holes are five-dimensional versions of the extremal
Reissner-Nordstro¨m solution and include rotating gen-
eralisations [2]. The black holes have an equivalent de-
scription in string theory as configurations of D-branes
and their degeneracy for given macroscopic charges can
be computed by exploiting supersymmetry. The decou-
pling limit of the corresponding black brane solutions
possesses a (locally) AdS3 factor. This allows one to
appeal to the AdS-CFT duality to provide an alterna-
tive explanation for the entropy from the degeneracy of
near-horizon microstates in the dual CFT [3].
The discovery of black rings revealed that the asymp-
totic charges are not sufficient to specify a black hole [4].
However, the black hole microstate arguments typically
count the number of states with given charges. This
did not pose a threat to the original calculations, since
in contrast to the spherical black holes, supersymmet-
ric black rings [5–7] have distinct angular momenta. In
fact a microscopic accounting of the entropy of the black
ring has been provided by appealing to M-theory [8],
although a fully satisfactory D-brane argument is lack-
ing [4] (see [9] for partial results).
An important question is whether other families of
black holes exist in this context. Recent work has re-
vealed that the classification of asymptotically flat five-
dimensional supersymmetric black holes is far from com-
plete [10, 11]. Furthermore, recent work in the corre-
sponding D-brane CFT has also revealed a rich phase
structure [12, 13]. In particular, we constructed the first
example of a regular asymptotically flat black hole with
lens space topology L(2, 1) = S3/Z2 [11]. The purpose
of this note is to generalise and embed these solutions
into string theory in order to clarify their microscopic
description. Interestingly, we find that in a special case,
the decoupling limit of the corresponding D-brane geom-
etry is related by spectral flow to that of the black ring
thus allowing one to appeal to existing microscopic ac-
countings of the entropy [8, 9]. The general case though
remains open.
In section II we present a black lens solution to five
dimensional U(1)3-supergravity. In section III we dis-
cuss its uplift to a D1-D5-P solution to IIB supergravity
and the decoupling limit. In Appendix A we provide a
derivation and a detailed regularity analysis of analo-
gous black lens solutions to U(1)N -supergravity.
II. MULTI-CHARGE BLACK LENSES
A. Supersymmetric solutions
The bosonic sector of five-dimensional N = 1, U(1)3-
supergravity is a metric, Maxwell fields F i = dAi and
positive scalar fields Xi, i = 1, 2, 3, obeying X1X2X3 =
1. A large class of supersymmetric solutions to this
theory can be constructed as timelike fibrations over a
Gibbons-Hawking (GH) base space [7]. The GH base
is specified by a harmonic function H on R3 and the
supersymmetric solution is specified by a further 7 har-
monic functions Ki, Li,M . In coordinates (t, ψ, r, θ, φ),
where (r, θ, φ) are spherical polar coordinates on R3, the
solution is
ds25 = −f2(dt+ ω)2
+ f−1[H−1(dψ + χ)2 +H(dr2 + r2dΩ22)] ,
Ai =
1
3
H−1i (dt+ ω) +
1
2
(
Ki
H
(dψ + χ) + ξi
)
,
Xi = H−1i (H1H2H3)
1/3,
f =
1
3
(H1H2H3)
−1/3
, ω = ωψ(dψ + χ) + ωˆ ,
Hi = Li +
1
24
H−1|ijk|KjKk,
ωψ = −K
1K2K3
8H2
− 3LiK
i
4H
+M , (1)
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2where dΩ22 = dθ
2 + sin2 θdφ2, ijk is the alternating
symbol and χ, ξi, ωˆ are 1-forms on R3 determined by
the harmonic functions up to quadratures [7].
Within this class we have found a family of asymptot-
ically Minkowski, black hole solutions with lens space
horizon topology. The construction is straightforward
and begins with a multi-centred ansatz of the type stud-
ied for soliton geometries [14, 15]. The solution is
H =
2
r
− 1
r1
, Ki =
ki
r
,
Li = λi +
`i
r
, M =
3λik
i
4
(
1− a
r
)
,
χ =
[
2 cos θ − r cos θ − a
r1
]
dφ ,
ωˆ = − 3aλik
ir sin2 θ
2r1(r1 + r + a)
dφ, ξi = −ki cos θdφ , (2)
where r1 =
√
r2 + a2 − 2ra cos θ is the Euclidean dis-
tance from a ‘centre’ in R3 with Cartesian coordinates
(0, 0, a) and we assume a > 0.
The solution is asymptotically flat R1,4 provided λi =
1/3 and ∆ψ = 4pi. Indeed, setting r = 14ρ
2, as ρ→∞
ds25 ∼ −dt2 + dρ2 + 14ρ2
[
(dψ + cos θdφ)2 + dΩ22
]
, (3)
with subleading terms of order O(ρ−2).
The metric and scalars are smooth at r1 = 0 provided
`i < −aλi (4)
and ∆ψ = 4pi. Then, the spacetime as r1 → 0 smoothly
approaches R1,4. As explained in the Appendix, po-
lar coordinates (X,Φ) and (Y,Ψ) on the orthogonal 2-
planes in R4 are given by 4r1 = X2 +Y 2, Φ = 12 (ψ+φ)
and Ψ = 12 (ψ + 3φ). The gauge fields
Ai =
dt
3Hi
+ [ 12k
i +O(X2)]dΦ− [ 12ki +O(Y 2)]dΨ (5)
are thus smooth at r1 = 0 up to a gauge transformation.
The spacetime has a regular horizon at r = 0 provided
hi ≡ `i + 1
48
|ijk|kjkk > 0, (6)
β ≡ 3
4
ki
(
`i + 2aλi +
1
72
|ijk|kjkk
)
(7)
α3 ≡ 27h1h2h3 > 1
2
β2 . (8)
To see this, we transform to new coordinates
(v, ψ′, r, θ, φ) defined by
dt = dv +
(
A0
r2
+
A1
r
)
dr ,
dψ + dφ = dψ′ +
B0
r
dr (9)
For a suitable choice of constants A0, A1, B0 the space-
time metric and its inverse are analytic at r = 0. There-
fore, the spacetime can be extended to the region r < 0.
The surface r = 0 is an extremal Killing horizon with
respect to the supersymmetric Killing vector V = ∂/∂v.
Near the horizon the scalars Xi = α/(3hi) + O(r) are
regular and the gauge fields are
Ai =
(
1
3hi
+O(r)
)
rdv +O(r2)dφ+
1
4
kidψ′
−
(
β
6hi
+O(r)
)
(dψ′ + 2 cos θdφ)
+
[
1
3hi
(
A0 − βB0
2
)
+
1
4
B0k
i +O(r)
]
dr
r
, (10)
which shows the only singular terms are pure gauge.
The near-horizon geometry is locally isometric to that
of the BMPV black hole [2, 17]. However, globally the
horizon geometry is a lens space L(2, 1) = S3/Z2. To
see this, consider the induced metric on cross-sections
of the horizon
ds23 =
α3 − 12β2
2α2
(dψ′ + 2 cos θdφ)2 + 2α dΩ22 . (11)
Above we showed that asymptotic flatness and smooth-
ness at the centre require ∆ψ′ = 4pi, so (11) extends to
a smooth metric on L(2, 1) as claimed.
It remains to examine regularity and causality in the
domain of outer communication (DOC) r > 0. In the
Appendix we prove that (4), (6) imply that HHi >
0 and, remarkably, that this ensures the scalars, the
Maxwell fields, the spacetime metric and its inverse are
all smooth everywhere in the DOC. Numerical checks
also show that the spacetime is stably causal (gtt < 0)
everywhere in the DOC.
B. Geometry of domain of outer communication
Our spacetime has a DOC with non-trivial topology.
There is a non-contractible disc D on the axis θ = 0, 0 <
r < a which degenerates at r = a and ends on the
horizon r = 0, as we will now show.
The solution has U(1)2-rotational symmetry. The
topology of the spacetime is determined by this U(1)2-
action and its fixed points. The z-axis of the R3 base
in the Gibbons-Hawking space corresponds to the axes
where the U(1)2 Killing fields vanish. Due to our choice
of harmonic functions, the z-axis splits naturally into
three intervals I+ = {z > a}, ID = {0 < z < a}, I− =
{z < 0}. The semi-infinite intervals I± correspond to
the two axes of rotation that extend out to infinity. The
finite interval ID corresponds to a non-contractible disc
topology surface D that ends on the horizon.
To see this, consider the geometry induced on the z-
axis. The 1-forms restrict to χ|I± = ±dφ, χ|ID = 3dφ
and ωˆ = 0. Hence, on I+ the Killing field v+ = ∂φ − ∂ψ
vanishes, whereas ∂ψ is non-vanishing and degenerates
smoothly at z = a. Next, on ID the Killing field vD =
∂φ − 3∂ψ vanishes, whereas ∂ψ is non-vanishing even at
the horizon end z → 0 and degenerates smoothly at
3z = a. Thus, the interval ID corresponds to a surface
of disc topology D. Lastly, on I− the Killing field v− =
∂φ+∂ψ vanishes and ∂ψ is non-vanishing. Observe that
vD = 2v+ − v− and hence in the 2pi-normalised U(1)2-
basis (v+, v−) we may write
v+ = (1, 0), vD = (2,−1), v− = (0, 1) . (12)
Thus,
det(vTDv
T
+) = 1 (13)
and hence the compatibility requirement for adjacent
intervals is obeyed [16]. The interval structure is sum-
marized in the figure below.
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FIG. 1. Interval structure for the black lens metric.
The supersymmetric Killing field V = ∂/∂t may be-
come null in the DOC of the black hole. Indeed, this is
precisely why the black lens evades the uniqueness theo-
rem for the BMPV black hole [17]. This ‘ergosurface’ is
a timelike hypersurface defined by f = 0. Our regularity
analysis shows that the zeros of f coincide with those of
H. In Cartesian coordinates on the Gibbons-Hawking
space, the equation H = 0 is
x2 + y2 + (z − 2a)
(
z − 2a
3
)
= 0 , (14)
which shows that 23a ≤ z ≤ 2a and the endpoints oc-
cur only on the axis. In the spacetime the ergosurface
is smooth with topology Rt × S3. We may see this as
follows. The metric induced on the axis is regular ev-
erywhere including at z = 23a, 2a which correspond to
Rt × S1 submanifolds. In particular, the ergosurface is
characterised by vD = 0 at z =
2
3a, v+ = 0 at z = 2a
and the U(1)2-acting freely for 23a < z < 2a. Hence,
(13) implies the spatial topology of the ergosurface is
S3 as claimed.
C. Physical quantities
The asymptotic electric charges and angular momenta
(in units where the 5d Newton constant G5 = 1) are
Qi = 3pi
(
`i +
1
24
|ijk|kjkk
)
(15)
Jφ = −3
2
piaλik
i (16)
Jψ = −pi
[
3
2
(`i + aλi)k
i +
|ijk|
24
kikjkk
]
, (17)
with the mass given by the BPS condition M = Q1 +
Q2 +Q3. Observe that (4) and (6) imply Qi > 0 for all
i = 1, 2, 3.
Inspecting the asymptotic expansions of the gauge
field components Aiψ, A
i
φ near infinity reveals that k
i
generate a magnetic dipole (the angular momenta also
contribute to this). It is natural to ask if the magnetic
dipoles can be expressed as a magnetic flux over some
2-cycle in the spacetime, as in the case of a black ring.
The natural candidate is the magnetic flux through the
disc D,
Πi[D] ≡ 1
2pi
∫
D
F i = −1
2
ki +
hiβ
α3
. (18)
Thus this flux does not capture the dipole field alone
(note the second term is missing in [11]).
An intrinsic definition of the dipole charge may be
obtained as follows. The Killing field vD vanishes on
D and hence the magnetic potentials Φi defined by
ivDF
i = dΦi are constant on D. For our solution the
potentials on D, defined to vanish at infinity, are
qi ≡ 1
2
Φi|D = −1
2
ki (19)
as required (the normalisation is chosen for later conve-
nience). Indeed, these potentials appear in the first law
of black hole mechanics as extensive variables and are
the analogues of the dipole charges of a black ring [18].
To summarise, we have constructed a five-dimensional
solution which is asymptotically flat, regular on and out-
side a horizon of spatial topology L(2, 1). Thus our so-
lution is a black lens. The solution is a seven-parameter
family specified by (a, ki, `i), subject to the inequalities
(4, 6, 8). Equivalently, we may parameterise the solu-
tion by the physical quantities (Qi, qi, Jψ, Jφ) subject to
the constraint
Jψ − Jφ = qi
(
Qi − pi
6
|ijk|qjqk
)
(20)
and inequalities corresponding to (4, 6, 8). The special
case Qi = Q and qi = q reduces to the supersymmetric
black lens of minimal supergravity (albeit in a simpler
parameterisation here) [11].
It is worth noting that our regularity constraints (4)
and (6) imply that qi > 0 (or < 0) for all i = 1, 2, 3.
Since the dipoles all have the same sign we must have
Jφ 6= 0, Jψ 6= 0 and hence this black hole never has the
same asymptotic charges as the BMPV black hole which
has Jφ = 0 (or Jψ = 0).
We can express the area solely in terms of the physical
quantities:
A5 = 16pi
2
[
2
3∏
i=1
(
Qi
pi
− |ijk|qjqk
4
)
− 1
4
(
Jψ + Jφ
pi
− q1q2q3
)2]1/2
. (21)
4In the limit Jφ → 0 this does not reduce to the area of
the BMPV black hole, which in our conventions is
ABMPV = 16pi
2
√
Q1Q2Q3
pi3
− J
2
ψ
4pi2
. (22)
III. D1-D5-P SOLUTION
A. Structure and physical properties
The black lens solutions we have constructed can be
uplifted on T 6 to yield solutions of eleven-dimensional
supergravity. Via a series of dualities one can map these
to D1-D5-P solutions of Type IIB supergravity as in [6].
In terms of the 5d data, the string frame solution is
ds210 = (X
3)1/2ds25 + (X
3)−3/2(dz +A3)2
+X1(X3)1/2dzidzi , e2Φ =
X1
X2
F (3) = (X1)−2 ?5 F 1 + F 2 ∧ (dz +A3) , (23)
where z is a coordinate on S1 and (zi : i = 1, 2, 3, 4) are
coordinates on a flat T 4. We will take the periods of
z and zi to be 2piRz and 2piL respectively. Generically
such solutions describe an intersection of D1 and D5
branes carrying momentum P in the z direction, where
the D1 and D5 wrap the (z) and (z1234) directions re-
spectively.
Since we already checked the five-dimensional metric,
scalars and Maxwell fields are smooth on and outside
an event horizon at r = 0, the only source of potential
singularities in the 10-dimensional geometry comes from
the terms involving the gauge field A3. Equation (5)
shows that there exists a gauge in which A3 is smooth
at r1 = 0. In this gauge the 10-dimensional solution is
manifestly smooth at the centre r1 = 0.
Inspecting the near-horizon gauge fields (10) reveals
that if we define a new coordinate z′ by
dz′ = dz +
1
4
k3dψ′
+
[
1
3h3
(
A0 − βB0
2
)
+
1
4
B0k
3
]
dr
r
(24)
then dz + A3 is smooth at r = 0. There-
fore, the 10-dimensional solution in the coordinates
(v, ψ′, r, φ, θ, z′, zi) is smooth at the surface r = 0. As in
five-dimensions the surface r = 0 is an extremal Killing
horizon with respect to V = ∂/∂v. However, the gauge
which makes A3 regular at the centre r1 = 0 is not the
same as that which makes it regular at r = 0. In the
gauge regular at r1 = 0 the change of coordinate is
z′ = z +
1
2
k3Ψ +O(log r) . (25)
Since z parameterises a circle of radius 2piRz, requiring
the Kaluza-Klein fibration to be globally defined places
a quantization condition. We deduce the dipole (19)
q3 = nKKRz (26)
is quantized where nKK ∈ Z. This is also consistent with
the solution being asymptotically R1,4 × T 5 as r →∞.
The near-horizon geometry can be deduced from
the five-dimensional one. Globally it is isometric to
L(2, 1) × T 4 fibered over the near-horizon geometry of
the extremal BTZ black hole. To untwist the fibration
define ψ′′ = ψ′ − z′β/(9h1h2) which gives
ds2NH =
6
√
2h1h2dvdr√
α3 − 12β2
+
2rdvdz′
3
√
h1h2
+
(α3 − 12β2)dz′2
27(h1h2)3/2
+ 6
√
h1h2
[
1
4
(dψ′′ + 2 cos θdφ)2 + dΩ22
]
+
√
h2
h1
dzidzi
(27)
The first line is the near-horizon geometry of the ex-
tremal BTZ black hole and the second is L(2, 1)× T 4.
In string theory, the number of D1 branes, D5 branes
and units of momentum are
N1 =
4L4Q2
pigs`6s
, N5 =
4Q1
pigs`2s
, NP =
4L4R2zQ3
pig2s`
8
s
, (28)
and the D1 and D5 quantized dipoles are
n1 =
L4Rzq1
gs`6s
, n5 =
Rzq2
gs`2s
, (29)
where gs and `s are the string coupling and length.
Quantization of n1, n5 follows from (26) and by ap-
plying a U-duality transformation which permutes
(n1, n5, nKK).
To compute the entropy of our black D1-D5-P sys-
tem we need the area of the spatial geometry of the
horizon in the Einstein frame, SBH = A10/(4G10), where
16piG10 = (2pi)
7`8sg
2
s . We may write this purely in terms
of the brane numbers (28) and dipoles (29):
SBH = 2pi [2(N1 − 2n1nKK)(N5 − 2n5nKK)(NP − 2n1n5)
−(Jψ + Jφ − 4n1n5nKK)2
]1/2
. (30)
Furthermore, (20) becomes
Jψ − Jφ = n1N5 + n5N1 + nKKNP − 4n1n5nKK , (31)
resulting in a constraint on the quantum numbers.
B. Decoupling limit
Now consider the decoupling limit of our D1-D5-P
solution. This is defined by α′ = `2s → 0 with gs and
N1, N5, NP, n1, n5, nKK all held fixed, such that the en-
ergy of the excitations (in string units) near the ‘core’
r/`4s, a/`
4
s remain finite. This decouples the bulk geom-
etry from the asymptotically flat region. Further, we
5keep Rz fixed so that only the momentum modes are
the lowest surviving excitations. On the other hand, we
scale the T 4 so zi/`s, L/`s are fixed so the energies of
its excitations are large. We find that upon an appro-
priate rescaling of the IIB solution, the decoupling limit
is identical to our original solution except λ1 = λ2 = 0.
The decoupling limit inherits all the properties of our
original solution and only differs in the asymptotic re-
gion r →∞. Setting r = ρ2/4, then as ρ→∞
ds2DL ∼
(
Q1Q2
pi2
)− 12 ρ2
4
(−dt2 + dz2∞)
+
(
Q1Q2
pi2
) 1
2 4dρ2
ρ2
+
√
Q2
Q1
dzidzi
+
(
Q1Q2
pi2
) 1
2 [
(dψ + cos θdφ)2 + dΩ22
]
(32)
where z∞ = z + t − nKKRzψ. This is asymptotically
global AdS3×S3×T 4 with the radii of AdS3 and S3 both
equal to ˜`2 = 4
√
Q1Q2/pi2. By the AdS/CFT duality
we thus expect an equivalent description in terms of a 2d
CFT with a Brown-Henneaux central charge c = 3`/2G3
[19], where ` is the AdS3 radius and G3 is the effective
3d Newton constant obtained by a KK reduction on
S3 × T 4, all computed in the Einstein frame (using the
asymptotics of the dilaton e2Φ ∼ Q2/Q1). In terms of
the brane numbers the central charge is c = 6N1N5, as
of course is expected for the D1-D5 CFT.
It is important to note that the decoupling limit is
not a product space with a locally AdS3 factor. It is
a non-trivial interpolation between an asymptotically
global AdS3×S3×T 4 and a near-horizon geometry that
is a twisted near-horizon extremal BTZ ×L(2, 1) × T 4
given by (27). Therefore, in order to apply AdS3/CFT
one would have to account for the tower of KK states
on S3 that arise from dimensional reduction to 3d [20].
Nevertheless, due to the locally AdS3 factor in the near-
horizon geometry of our D1-D5-P solution, its entropy
can be accounted for by Cardy’s formula for the degen-
eracy of states in the IR CFT [3] (see also [21]). In
the near-horizon geometry (27) the AdS3 and L(2, 1)
radii are both ˜`2 = 24
√
h1h2. Dimensional reduction on
L(2, 1)×T 4 (in the Einstein frame) leads to 3d Einstein
gravity with a Brown-Henneaux central charge
c = 12(N1 − 2n1nKK)(N5 − 2n5nKK) (33)
for the IR CFT.
C. Spectral flow to a black ring
The asymptotically flat supersymmetric black ring
can also be expressed as a 2-centred Gibbons-Hawking
solution with harmonic functions [7]
H˜ =
1
r1
, K˜i =
q˜i
r
,
L˜i = λi +
˜`
i
r
, M˜ =
3λiq˜
i
4
(
1− a
r
)
, (34)
where we have shifted the horizon to the origin of R3.
Sufficient conditions for regularity of the black ring are
the dipoles q˜i > 0, ˜`i > 0 and positivity of the horizon
area (which also eliminates CTCs) [6]. It can also be up-
lifted to a D1-D5-P solution (23). Similarly to the black
lens, its decoupling limit given by λi = (1/3)δ
3
i , is a non-
trivial interpolation between a global AdS3×S3×T 4 and
a twisted near-horizon extremal BTZ ×L(n˜KK, 1) × T 4
where q˜3 = n˜KKRz.
In fact, as we now show, the decoupling limit of the
nKK = 1 black lens is related to a black ring by spectral
flow and certain gauge transformations. In 10d these
transformations are diffeomorphisms generated by [22]
Sγ : ψ 7→ ψ˜ = ψ + γ z
Rz
, (35)
Gg : z 7→ z˜ = z + gRzψ , (36)
where γ ∈ 2Z and g ∈ 12Z are required for the trans-
formation to be globally defined. These generate an
SL(2,Z) symmetry acting on the torus with coordi-
nates (ψ, z). Being diffeomorphisms such transforma-
tions must preserve the horizon topology and hence the
black ring must have n˜KK = 2.
Explicitly, in terms of the harmonic functions
Sγ : H → H − γ
2Rz
K3, Ki → Ki + 6γ
Rz
|ij3|Lj ,
Li → Li − 2
3
γ
Rz
Mδ3i , M →M , (37)
Gg : H → H, Ki → Ki − 2gRzδi3H, (38)
Li → Li + 1
6
gRz|ij3|Kj , M →M − 3
2
gRzL3 .
It can be shown that the most general SL(2,Z) transfor-
mation generated by Sγ and Gg, which maps the decou-
pling limit of the black lens (2) to that of the black ring
(34), is G−1S2G−1, where k3 = −2Rz and q˜3 = −k3
(we fix q˜3 > 0). The KK dipole quantization condi-
tion (26) thus gives nKK = 1. Writing this in terms
of the black ring KK dipole charge we find n˜KK = 2
as expected. The rest of the parameters are related by
q˜1 = −24h1/k3, q˜2 = −24h2/k3 and ˜`i = −`i − 2aλi.
To fully check the map one also has to examine the
constraints on the parameters from global regularity and
causality. The inequalities (4) and (6) are equivalent to
˜`
i + aλi > 0, q˜
1 > 0, q˜2 > 0 and
˜`
3 < −2aλ3 + 24
(q˜3)2
(
˜`
2 +
1
24 q˜
1q˜3
)(
˜`
1 +
1
24 q˜
2q˜3
)
,
whereas (8) is equivalent to the condition for the absence
of CTCs in the black ring spacetime. Thus the regular-
ity and causality constraints for the black lens are con-
sistent with those for the black ring; in fact, apart from
the bound on ˜`3 they agree precisely.
6The quantized charges of the black ring and black lens
are related by
N˜1 = N1, N˜5 = N5,
N˜P = −NP + 4n1n5 + (N1 − 2n1)(N5 − 2n5)− 2Jφ ,
n˜1 = N1 − 2n1, n˜5 = N5 − 2n5
J˜2 = −(Jψ + Jφ) +N1N5 , J˜1 = J˜2 + 2Jφ , (39)
where J˜1 and J˜2 are the angular momenta along the S
1
and S2 of the ring respectively [6]. Using (39) and (31),
it is straightforward to check that the entropy of the
nKK = 1 black lens (30) maps to that of the n˜KK = 2
black ring (this is of course guaranteed by the map being
a diffeomorphism). Also, the IR CFT central charge
(33) maps to that of the black ring c = 6n˜1n˜5n˜KK [3].
The above shows that we may appeal to the micro-
scopic counting of black ring entropy [8, 9] to supply
an account of the entropy for the nKK = 1 subset of
black lenses. The microstates of this black lens will
be related by the above spectral flow to those of the
n˜KK = 2 black ring. We emphasise though that the
above also shows that the |nKK| 6= 1 black lenses are
not related to a black ring by spectral flow. Thus a
microscopic description of the general case remains an
open problem. It would be interesting to derive the en-
tropy of this system directly in terms of the D1-D5 CFT.
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Appendix A: Black lenses in U(1)N -supergravity
1. Supersymmetric solutions
The bosonic sector of five-dimensional N = 1 super-
gravity coupled to N − 1 abelian vector multiplets con-
sists of a metric gµν , N abelian vectors A
I and N real
positive scalars fields XI subject to the constraint
1
6
CIJKX
IXJXK = 1 (A1)
where CIJK = C(IJK) are real positive constants and
the indices I, J,K, ... = 1 . . . N . We also define,
XI =
1
6
CIJKX
JXK . (A2)
The bosonic action is,
S =
1
16piG5
∫ (
R ? 1−GIJdXI ∧ ?dXJ
−GIJF I ∧ ?F J − 16CIJKF I ∧ F J ∧AK
)
, (A3)
where F I = dAI are Maxwell fields and
GIJ ≡ 9
2
XIXJ − 1
2
CIJKX
K . (A4)
We will assume the scalars parameterise a symmetric
space so that
CIJKCJ(LMCPQ)K =
4
3
δI(LCMPQ) . (A5)
This ensures that GIJ is invertible with inverse
GIJ = 2XIXJ − 6CIJKXK , (A6)
and
XI =
9
2
CIJKXJXK (A7)
where CIJK = CIJK .
In particular, we will be interested in U(1)3-
supergravity which is the special case of this theory
when N = 3 and CIJK = 1 if (IJK) is a permutation of
(123) and CIJK = 0 otherwise. Also note that minimal
supergravity can be recovered by simply setting N = 1,
XI =
√
3 and C111 = 2/
√
3 (note then XI = 1/
√
3).
A large class of supersymmetric solutions (timelike
class) can be written in the canonical form
ds2 = −f2(dt+ ω)2 + f−1ds2(M4) (A8)
where M4 is any a hyperka¨hler space and f, ω are a
function and 1-form on M4 and V = ∂/∂t is the su-
persymmetric Killing field. We will take M4 to be a
Gibbons-Hawking space
ds2(M4) = H
−1(dψ + χ)2 +Hdxidxi (A9)
where χ and H are a 1-form and function defined on R3
obeying ?3dχ = dH. The general local supersymmet-
ric solution with this base is fully determined in terms
of 2N + 2 harmonic functions H,KI , LI ,M on R3, as
follows [7].
The 1-form ω may be decomposed as ω = ωψ(dψ +
χ) + ωˆ where ωˆ is a 1-form on R3. It is given by
ωψ = − 1
48
H−2CIPQKIKPKQ − 3
4
H−1LIKI +M
(A10)
and
?3 dωˆ = HdM −MdH + 3
4
(LIdK
I −KIdLI) (A11)
The scalars are given by,
HI ≡ f−1XI = 1
24
H−1CIPQKPKQ + LI (A12)
which using the constraint (A1) implies that
f−3 =
9
2
CIJKHIHJHK (A13)
7so the function f is also determined. Finally, the gauge
fields are
AI = XIf(dt+ ω) +
1
2
(
H−1KI(dψ + χ) + ξI
)
(A14)
where ?3dξ
I = −dKI .
Now consider the 2-centred solution given by
H =
2
r
− 1
r1
, KI =
kI
r
, (A15)
LI = λI +
`I
r
+
`1I
r1
, M = m+
m0
r
+
m1
r1
where r1 =
√
r2 + a2 − 2ra cos θ is the Euclidean dis-
tance from a ‘centre’ in R3 with Cartesian coordinates
(0, 0, a) and we assume a > 0. Integrating gives
χ =
[
2 cos θ − r cos θ − a
r1
]
dφ, ξI = −kI cos θdφ,
ωˆ =
{
− (2m− 34λIkI) cos θ + m(r cos θ − a)r1
+
(r − a cos θ) (m0 + 2m1 − 34`1IkI)
ar1
+ c
}
dφ
(A16)
where the freedom in ωˆ, χ and ξI has been fixed by shifts
in t, ψ and gauge transformations in AI respectively.
The spacetime is asymptotically flat R1,4 provided we
make the identifications ψ ∼ ψ + 4pi, φ ∼ φ + 2pi and
θ ∈ [0, pi] and we choose the constants such that
9
2
CIJMλIλJλM = 1, (A17)
m =
3
4
λIk
I , c =
3`1Ik
I
0 − 4m0 − 8m1
4a
. (A18)
Indeed, setting r = 14ρ
2 these choices ensure that as
ρ→∞
f = 1 +O(ρ−2), ωψ = O(ρ−2), ωφ = O(ρ−2)
(A19)
and hence asymptotically the spacetime is given by (3).
Further from (A12) it is easy to verify that asymptoti-
cally XI = λI +O(ρ
−2) and so we deduce
λI > 0 . (A20)
The gauge fields are asymptotically pure gauge
AI ∼ λIdt+ 1
2
kIdψ , (A21)
where λI = 92C
IJKλJλK and subleading terms O(ρ
−2).
2. Regularity analysis
We now perform a careful regularity analysis of the
solutions constructed above. Although the solution ap-
pears singular at the ‘centres’ r1 = 0 and r = 0 we will
show that by a suitable choice of constants r1 = 0 cor-
responds to a smooth timelike point in the spacetime
whereas r = 0 corresponds to a regular event horizon.
Furthermore, we will confirm that the solution is reg-
ular everywhere else in the DOC r > 0 including the
ergosurface where f vanishes.
a. Smooth centre
Here we consider smoothness near the centre r1 = 0.
It is convenient to introduce spherical polar coordinates
(r1, θ1) on R3 adapted to the centre (0, 0, a), where r1 is
as above, r1 cos θ1 = z−a and φ1 = −φ. Let ρ1 = 2√r1
and ψ1 = ψ − 2φ1. One finds that
ds2(M4) = F1
(
dρ21 +
1
4ρ
2
1
[
dθ21 + sin
2 θ1dφ
2
1 (A22)
+ F−21 (dψ1 + cos θ1dφ1 +G1dφ1)
2
])
where we have defined
F1 =
1
4ρ
2
1H, G1 = 2− χφ − cos θ . (A23)
It is readily verified that our solution obeys F1 = −1 +
O(ρ21) and G1 = O(ρ
4
1) as ρ1 → 0 so that
ds2(M4) ∼−
(
dρ21 +
1
4ρ
2
1
[
dθ21 + sin
2 θ1dφ
2
1
+ (dψ1 + cos θ1dφ1)
2
])
(A24)
which shows that the Gibbons-Hawking space ap-
proaches the origin of −R4, provided we choose the pe-
riods of the angles as required by asymptotic flatness.
To investigate smoothness at the centre it is conve-
nient to use plane polar coordinates (X,Φ) and (Y,Ψ)
on orthogonal 2-planes of R4. These are given by
X = ρ1 cos(
1
2θ1) , Φ =
1
2 (ψ1 + φ1) , (A25)
Y = ρ1 sin(
1
2θ2) , Ψ =
1
2 (ψ1 − φ1) , (A26)
so that
ds2(R4) = dX2 +X2dΦ2 + dY 2 + Y 2dΨ2 . (A27)
Any U(1)2-invariant smooth function on R4 must be a
smooth function of X2, Y 2. We find
F1 = −1 + . . . , G1 = 8X2Y 2(1 + . . . ) , (A28)
where . . . are analytic functions of X2, Y 2 which vanish
at X = Y = 0. Using this we deduce
ds2(M4) = ds
2(R4) +O(X4)dΦ2 +O(1)X2Y 2dΦdΨ
+ O(Y 4)dΨ2 , (A29)
with higher-order terms all analytic in X2, Y 2. This
shows the Gibbons-Hawking base metric is smooth (in
fact analytic) at the centre r1 = 0.
Next, we demand that the centre r1 = 0 to be time-
like. Since the invariant V 2 = −f2 this requires that
f is smooth and non-vanishing at r1 = 0. In fact, in
order to get the spacetime metric signature correct we
8need f |r1=0 < 0. We will also demand that the scalars
XI are smooth positive functions. Thus the functions
HI = f
−1XI must be smooth and negative at the cen-
tre. Using the explicit form of our 2-centred solutions
we find that these conditions require
`1I = 0, (A30)
`I + aλI < 0 . (A31)
With these conditions f and XI are in fact analytic
functions in X2, Y 2 at the centre.
Next, consider the invariant
|∂ψ|2 = 1
fH
− f2ω2ψ . (A32)
The absence of CTCs requires |∂ψ|2 ≥ 0. But at the
centre |∂ψ|2|r1=0 = −f2ω2ψ and therefore we deduce that
|∂ψ|r1=0 = 0 and ωψ|r1=0 = 0. Therefore, the Killing
field ∂ψ has a fixed point in the spacetime. Furthermore,
the invariant V · ∂ψ = −f2ωψ shows that ωψ must be
a smooth function on spacetime at and near the centre.
Thus, putting things together we deduce that ωψ is a
smooth spacetime function which vanishes at the centre
r1 = 0. The general form of our 2-centred solution has
a 1/r1 singular term as r1 → 0. The condition for its
absence is
m1 = 0 (A33)
where we have used (A30). Furthermore, the condition
ωψ|r1=0 = 0 reduces to
m0 = −3
4
aλIk
I . (A34)
It can now be verified that these conditions imply that
ω = O(X2)dΦ +O(Y 2)dΨ (A35)
with higher order terms analytic in X2, Y 2. Hence the
1-form ω is analytic at the centre. Putting the above
together, we have shown that the above conditions on
the constants ensure the spacetime metric is smooth (in
fact analytic) at the centre.
We now turn to the gauge fields (A14). The above
analysis already shows that XIf(dt + ω) is smooth at
the centre. Using the above conditions on the constants,
one can verify that near the centre,
AI = XIfdt+
1
2
[kI +O(X2)]dΦ− 1
2
[kI +O(Y 2)]dΨ
(A36)
with higher-order terms analytic in X2, Y 2. This shows
that the Maxwell fields are smooth at the centre. Fur-
thermore, there is a gauge choice in which the gauge
field is a smooth at the centre.
To summarise, we have shown that the spacetime
metric, Maxwell fields and scalars are all smooth at the
centre r1 = 0 if the constants are chosen as above.
b. Event horizon
Now we consider the centre r = 0. We will show that
in fact it corresponds to a regular event horizon provided
hI > 0, α
3 − 1
2
β2 > 0, (A37)
where the constants hI , α, β are defined by
hI ≡ `I + 148CIJKkJkK , (A38)
α ≡ ( 92CIJKhIhJhK) 13 , (A39)
β ≡ 3
4
kI
(
`I + 2aλI +
1
72
CIJKk
JkK
)
. (A40)
Observe that hI > 0 implies α > 0.
To this end, we transform to new coordinates
(v, r, ψ′, θ, φ) given by (9) for some constants A0, A1, B0
to be determined. This gives
gvv = −f2 = − r
2
α2
+O(r3)
gvψ′ = −f2ωψ = β
2α2
r +O(r2)
gψψ′ = −f2ω2ψ + (Hf)−1 =
α3 − 12β2
2α2
+O(r) . (A41)
In general, grr contains 1/r
2 and 1/r singular terms,
whereas grψ′ contains 1/r singular terms. Requiring
that the 1/r singularity in grψ′ and the 1/r
2 singularity
in grr are absent fixes the constants,
B0 = − βA0
α3 − 12β2
, A20 = 2
(
α3 − 1
2
β2
)
. (A42)
Furthermore, demanding that the 1/r singularity is grr
is absent fixes A1 to be a complicated constant (we do
not display it as we will not need it). We now have,
grψ′ = O(1), grr = O(1), (A43)
gvr = − A0α
α3 − 12β2
+O(r) = ±
√
2α√
α3 − 12β2
+O(r) ,
where A0 > 0 corresponds to the lower sign and A0 < 0
to the upper sign. Finally, to assemble the full metric
we will also need ωˆ = O(r) and
χ = (1+2 cos θ+O(r2))dφ, gΩΩ = 2α+O(r) . (A44)
The metric and its inverse are now analytic at r =
0 and therefore the spacetime can be extended to the
region r < 0. The supersymmetric Killing field V =
∂/∂v is null on the hypersurface surface r = 0 and
Vµdx
µ|r=0 = ±
√
2α√
α3 − 12β2
(dr)|r=0 (A45)
which shows that r = 0 is a Killing horizon of V . It is
easily seen to be a degenerate horizon. The upper sign
9corresponds to the future horizon and the lower sign to
the past horizon.
The matter fields are also analytic at the horizon. The
scalars are
XI =
hI
α2
+O(r) , (A46)
where we have defined hI = 92C
IJKhJhK . The gauge
fields in the new coordinates are (for any value of
A0, A1, B0)
AI =
(
hI
α3
+O(r)
)
rdv +
1
4
kIdψ′ +O(r2)dφ
+
[
hI
α3
(
A0 − βB0
2
)
+
1
4
B0k
I +O(r)
]
dr
r
−
(
hIβ
2α3
+O(r)
)
(dψ′ + 2 cos θdφ) (A47)
which shows the only singular terms are pure gauge.
Hence the Maxwell fields are analytic at the horizon.
The near-horizon geometry may be extracted by tak-
ing the scaling limit (v, r) → (v/, r) and  → 0. The
result is
ds2NH = −
r2
α2
dv2 ± 2
√
2α√
α3 − 12β2
dvdr
+
β
α2
rdv(dψ′ + 2 cos θdφ) + ds23 ,
F INH =
hI
α3
d
[
rdv − β
2
(dψ′ + 2 cos θdφ)
]
,
XINH =
hI
α2
. (A48)
where ds23 is the metric on spatial cross-sections of the
horizon (11). This is locally isometric to the BMPV
near-horizon geometry. However, the period of ψ′ has
been fixed to be 4pi by asymptotic flatness and regularity
at the smooth centre. Therefore, cross-sections of the
horizon r = 0, v = const are lens spaces L(2, 1).
c. Domain of outer communication
Now we will examine regularity of the solution in the
domain of outer communication (DOC) r > 0. It is
convenient to define
H˜I ≡ HHI = HLI + 1
24
CIJKK
JKK . (A49)
Explicitly, we can write
H˜I =
PI
r2r1
, where (A50)
PI = 2r1hI + λIr[2r1 − (r − a)]− r (`I + aλI) .
The inequalities (A37) and (A31) and the geometric
condition 2r1 ≥ r − a thus imply
PI > 0 (A51)
everywhere in the DOC (including r1 = 0).
We may write the invariant
f =
H[
9
2C
IJKH˜IH˜JH˜K
]1/3 . (A52)
Using (A51) we deduce that f is smooth everywhere in
the DOC, and therefore the zeroes of f coincide with
those of H. We can write the scalars as
XI =
H˜I[
9
2C
IJKH˜IH˜JH˜K
]1/3 (A53)
which shows that XI is a smooth positive function ev-
erywhere in the DOC.
The metric and inverse metric can be written as
gtt = −f2 , gtψ = −f2ωψ =
1
48CIPQK
IKPKQ + 34HLIK
I −H2M[
9
2C
IJKH˜IH˜JH˜K
]2/3 , gti = −f2ωˆi + gtψχi
gψψ = f
−1H−1 − f2ω2ψ
=
9
16C
IJMCIPQK
PKQLJLM +
9
2HC
IJKLILJLK −M2H2 − 916 (LIKI)2 − 124MCIJKKIKJKK − 32HMLIKI[
9
2C
IJKH˜IH˜JH˜K
]2/3
gψi = gψψχi + gtψωˆi , gij = f
−1Hδij + gψψχiχj − f2ωˆiωˆj + 2gtψχ(iωˆj) ,
gtt = −Hf−1gψψ + fH−1ωˆ2 , gtψ = Hf−1gtψ + fH−1ωˆiχi, , gti = −fH−1ωˆi ,
gψi = −fH−1χi , gψψ = fH + fH−1χiχi , gij = fH−1δij , det gµν = −H2f−2 (A54)
where we used (A13) and (A5) to simplify gψψ. By in- spection it is clear that χi and ωˆi are smooth in the
10
DOC everywhere except at r1 = 0. Therefore, remark-
ably, (A51) also ensures that all metric and inverse met-
ric components are smooth everywhere except possibly
r1 = 0. Above we showed the spacetime is in fact
smooth at r1 = 0 and hence we deduce that the metric
and inverse metric are smooth everywhere in the DOC.
Finally, the gauge field components are
AIt =
CIJKH˜JH˜KH
CPQRH˜P H˜QH˜R
, AIi = A
I
ψχi +
1
2
ξIi (A55)
AIψ =
1[
9
2C
LMN H˜LH˜M H˜N
] [9
2
CIJKH˜JH˜K
(
HM − 3
4
LIK
I
)
+
9
32
HKICKJMCKPQLJLMK
PKQ
+
1
128
(
2KILJK
J − CIJKCKMNLJKMKN − 12HCIJKLJLK
)
CPQRK
PKQKR +
9
4
H2KICPQRLPLQLR
]
Therefore (A51) also guarantees the gauge field is
smooth everywhere in the DOC except at r1 = 0. Above
we showed that at r1 = 0 the only singular terms are
pure gauge and hence we deduce the Maxwell fields are
smooth in the DOC.
We also require our spacetime to be stably causal in
the DOC gtt < 0. We have verified this numerically in
the case of U(1)3-supergravity and find that no further
conditions on the parameters need to be imposed.
The geometry and topology of the DOC is discussed
in section II B.
3. Physical quantities
We have constructed an asymptotically flat solution
which is regular everywhere on and outside an event
horizon of spatial topology L(2, 1). Our solution is pa-
rameterised by the constants (λI , `I , k
I , a) subject to
the constraint (A17), resulting in a 3N parameter fam-
ily of solutions. Furthermore, these parameters obey
the inequalities a > 0, (A31) and (A37).
The electric charges associated to the Maxwell fields
F I are defined by
QI =
1
8pi
∫
S3∞
GIJ ? F
J . (A56)
We find
QI = 3pi
(
`I +
1
24
CIJKk
JkK
)
(A57)
where we have used the symmetric space condition (A5)
to simplify the expression. The mass saturates the BPS
bound M = λIQI . The angular momenta are
Jφ = −3piaλIk
I
2
(A58)
Jψ = −pi
[
3
2
(`I + aλI)k
I +
CIJK
24
kIkJkK
]
. (A59)
It should be noted that Jψ, Jφ are the angular momenta
with respect to the Euler angles of the S3 at infinity.
The angular momenta with respect to the orthogonal
U(1)2 angles at infinity, φ1 = (ψ + φ)/2 and φ2 = (ψ −
φ)/2, are obtained by J1 = Jψ + Jφ and J2 = Jψ − Jφ.
The asymptotic expansions of the gauge fields in
terms of the orthogonal U(1)2 angles at infinity are
AIφ1 ∼
1
2
kI +
4 cos2
(
θ
2
)
ρ2
(
λIJ1
pi
+ kIa
)
(A60)
AIφ2 ∼
1
2
kI +
4 sin2
(
θ
2
)
ρ2
(
λIJ2
pi
− kIa
)
(A61)
Thus the kI generate a magnetic dipole field at infin-
ity. As discussed above (19), the dipole charges may be
defined by
qI =
1
2
ΦI [D] = −k
I
2
(A62)
where D is the disc topology surface in the DOC dis-
cussed in section II B, and the potentials ΦI [D] are de-
fined by dΦI = ivDF
I where vD = ∂φ − 3∂ψ vanishes
on D and the requirement that ΦI → 0 at infinity. The
magnetic flux through D is
ΠI [D] =
1
2pi
∫
D
F I = −1
2
kI +
hIβ
α3
. (A63)
The conserved charges and dipole charges satisfy the
constraint
Jψ − Jφ = qIQI − pi
6
CIJKq
IqJqK . (A64)
The area of cross-sections of the horizon is
11
A5 = 16pi
2
[
1
3
CIJK
(
QI
pi
− 1
4
CIPP ′q
P qP
′
)(
QJ
pi
− 1
4
CJQQ′q
QqQ
′
)(
QK
pi
− 1
4
CKRR′q
RqR
′
)
(A65)
−
(
1
2pi
(Jφ + Jψ)− 1
12
CIJKq
IqJqK
)2] 12
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